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Abstract-Transient elastodynamlc nonplanar self-SImilar Mode III crack growth in brittle ma
terials IS examined. The dynamic SImilarity and Chaplygin's transformation reduce the class of
problems considered to the solullon ofLaplace's equation in a semi-infinite stnp. The Schwarz
Chnstoffel transformation IS subsequently employed to map the semi-infInite stnp on a half
plane. The theory of analytic functions can then be used. Elastodynamic influences in the
vlcmity of a rapidly moving tip after branching are examined in a rather general fashion.

To reveal the sensitiVIty of one branch's crack tIp elastodynarrnc stress intensity factor to
the relative velOCity and orientation of the other, the problem of asymmetric crack bifurcatIon
under stress wave loading is chosen for study. The development of specific analytical solutions
requires the solutions to the symmetric bifurcatIon problem subjected to loading that induces
either antisymmetnca! or symmetrical deformations, respectIvely, about the origInal crack
plane. For asymmetric geometnes the solution reqUired the numerical evaluation of several
Integrals In the final stages. It IS ultimately shown that the stress intensity factor of one branch
IS significantly altered by changes In the velocity and orientatIon of the other and by the angle
of stress wave Incidence.

I. INTRODUCTION

Dynamic fracture in brittle solids is characterized by the rapid attainment of high crack
tip velocities and the tendency thereafter to branch, propagate further and branch, and
so on (Schardin[l]; Clark and Irwin[2]; Dally[3». An interesting high-speed photomi
crographic study of the evolution of crack branching by Ravi-Chandar and Knauss[4]
revealed that there is no single instant of crack branch initiation and that there are
multiple branching attempts made by the propagating crack. A marked increase in
surface roughness usually heralds crack branching. Present elastodynamic treatments
have great difficulty incorporating any of the microscopic details and the fact that
nonsynchronous branching occurs. The approximations to planar deformations and
through-the-thickness straight-front crack propagation are therefore not unreasonable.
The assumption that small-scale yielding conditions prevail is also not unreasonable
since brittle fracture is involved. In other words, the process zone-the region in which
the crack rapidly curves-is assumed to be small in size with respect to any charac
teristic length in the problem. The latter assumption is valid for glass and rock as well
as the not-so-brittle materials such as polymers and steel that are subjected to low
temperature environments and/or high rates of loading. Analytically the process zone
is modelled as a point, giving a well-defined instant of branching.

Dynamic crack branching has been observed in a variety of materials including
glass plates and pressurized tubes (Schardin[ 1], Aoki and Sakata[S», steel plates and
pressurized steel and aluminum pipes (Hahn, Hoagland and Rosenfield[6], Congle
ton[7], Kobayashi[8», crystalline solids (Field[9]), rock (Bienawski[lO», and brittle
polymers such as Homalite-IOO (Dally[3], Ravi-Chandar and Knauss[4], Kobayashi,
Wade, Bradley and Chiu[ll], Ramulu, Kobayashi and Kang[12». The angle subtended
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by the macroscopic branch-immediately after branching-and the onginal crack plane
typically lies between 10° to 45° for the more brittle materials that have no preferred
orientations. The speed of crack tip propagation, which is usually less than half the
shear wave speed, is not sigmficantly influenced by the branching event.

Much of the analytical work dealing with crack branching under an arbitrary angle
with the primary crack is elastostatic in nature. For antiplane strain deformatlon~, the
infinite body with a kinked and bifurcated crack were presented by SihI13] and
Smith[l4], respectively. The equivalent elastostatic in-plane problems were treated by
Lo[l5]; multiple branching (Wilson and Cherepko[l6]) and successive bifurcation (Par
letun[l7]) have been investigated using the finite element method. The slow growth of
cracks in nonuniform stress fields, with no a priori assumption regarding the path of
the crack branch, has been examined using perturbation procedures by Banichuk{l8],
Cotterell and Rice[l9], and Karihaloo, Keer, Nemat-Nasser and Oranratnachai{20].
There have been proposals to determine the conditions for crack branching from the
stress-strain field for the unbranched crack (the prior field). The use of the prior stress
field criteria (Maiti and Smith[21]) may be useful if the path of fracture is not likely
to cause a significant readjustment of the prior stress field.

Experimental observations of the speed of crack propagation at branching suggest
that elastodynamic effects are important. The fact that the 0"88 stress moves out of the
plane of crack propagation and acts at an angle of about 60° to the direction of crack
propagation when the crack velocity exceeds approximately 0.6 times the shear wave
velocity (Yoffe[22], Craggs[23]) reinforces the view that inertia effects are important.

The treatment of the fast growth of cracks in nonuniform stress fields, with no a
priori assumption regarding the crack path, has as yet eluded current research efforts.
An alternative approach is to determine a necessary condition prior to crack branchmg
by comparing states prior to and after branching. The comparison requires expressions
for the elastodynamic field quantities near the tips of the branches. The necessary
condition can then be established, for instance, on the basis of the balance of the rates
of energies.

A problem fundamental to our understanding of the conditions for dynamic crack
branching in brittle solids is the sudden kinking or bifurcation of a running crack. In
this paper the transient diffraction of an elastic wave by an extendmg but blfurcatmg
crack is considered. The incident wave is a plane horizontally polanzed wave. It is
assumed that crack division is generated at the instant that the tip of a stationary crack
is struck. The original length of the crack is therefore immatenal for small times, and
the analytical work can be simplified by considering a semi-infinite crack. Size effects
become important for later times. The two new crack tips are assumed to propagate
at different but constant velocities under different but arbitrary angles with the original
crack plane. The dependence of the elastodynamic stress intensity factors on the crack
tip velocities and the angles of branching is examined.

The solution method used in this paper is based on the observation that for a class
of externally applied disturbances the particle velocity is self-similar within the circular
regions of the diffracted wave. The fact that W, for constant crack-tip velocities, is a
function of rlf and aonly allows Chaplygin's transformation to be used, which reduces
the problem to the solution of Laplace's equation in a semi-infinite strip containing
two slits. The Schwarz-Christoffel transformation is subsequently employed to map
the semi-infinite strip on a half-plane. The powerful theory of analytic functions
(Muskhelishvili[24]) can then be used.

Transient elastodynamic nonplanar self-similar crack growth solutions have only
recently been obtained. Burgers and Dempsey[25] solved the symmetric crack bifur
cation problem in antiplane strain for a specific angle, while Dempsey, Kuo and Ach
enbach[26] solved the Mode III crack kinking problem for stress wave loading. The
latter solutions provided much-needed check cases for the numerical method bemg
applied by Burgers[27, 28] and Burgers and Dempsey[29]. Skew crack propagation
(Achenbach and Varatharajulu[30]) and crack bifurcation (Achenbach[31, 32],
Freund[33]) were first examined a decade ago; these studies helped to estabhsh the
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viability of the approach used in the more recent studies mentioned above and m this
paper.

In Section 2, self-similar solutions to the class of problems considered are for
mulated and the elastodynamic influences on the stres~es and the particle velocity in
the vicinity of a rapidly moving crack tiP are examined in a rather general fashion. The
universal spatial dependence of the near tip stress field and particle velocity field is
revealed. as is the fact that the only problem-dependent quantity is the stress intensity
factor. The problem of asymmetric crack bifurcation under stress wave loading is for
mulated in Section 3. Symmetric crack bifurcation under loading conditions that mduce
solely antisymmetric or symmetric deformations is solved in Section 4, prior to solving
for symmetric crack bifurcation under stress wave loading (with equal crack-tip
velocities). The general asymmetric crack bifurcation problem is solved in Section 5 for
stress wave loading. To gain an increased understanding ofthe dynamic crack branching
mechanism, and also to examine the attempted branching during the planar phase of
crack propagation, several a~ymmetric bifurcation geometries are chosen. The objec
tive is to determine the sensitivity of one branch's crack-tip elastodynamic stress in
ten~ity factor to the relative velocity and orientation of the other. Elastostatic studies
that have had a similar purpose include those by Parletun[17] and Kalthoft134].

2. SELF·SIMILAR SOLUTIONS

In a stationary system of polar coordinates (I', 6), two-dimensional antiplane wave
motions are governed by

1 a ( aw)
; ar I' ar (2.1)

where w(r, 6, I) IS the out-of-plane displacement, n = alat, and c = (~p)1/2 is the
velocity of transverse waves. The relevant shear stresses are

aw
Trl = ~ ar '

~ aw
Tel = -; a6 . (2.2a,b)

For geometrical configuration~ without a fixed characteristic length and with appro
priate boundary conditions, either w(r, 6, t) or w(r, 6, t) may display the property of
self-similarity. In this paper, we will consider cases in which the particle velocity, w(r,
6, I), is self-similar. This implies that K' depends on rlt and 9, rather than on 9, I' and
t separately. On introducing the new variable s = rlt, the equation for ",(s, 9) follows
from (2.1) as

(2.3)

For s < c, Chaplygin's transformation p = cosh-I (cis) reduces (2.3) to Laplace's
equation

p = cosh - I (;) • (2.4a,b)

The real transformation given by (2.4b) maps the interior of the physical domain into
a semi-infinite strip in the 'Y-plane. In this plane the harmonic function ">(p, 6) can be
taken as the real part of an analytic function G('Y), 'Y = P + i6. Formally, G('Y) can
be obtained by conformal mapping techniques, whereby the domain in the 'Y-plane is
mapped on the upper half of the t-plane by means of a Schwarz-Christoffel
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, = ~ + iT). (2.5a.b)

In the ,-plane the solution IS of the form

w= ReFW. (2.6)

where FW must be obtained from the boundary conditions on the real axis. By the
use of (2.6), (2.2) and (2.4b), the stress components are given by

(2.7)

(2.8)

where T~ and Tt are the values of Trz and Tsz for r > ct.
The crucial part of the analysis of any self-similar problem is the derivation of

F'W. The completeness of this function must be established: terms which violate the
boundary conditions or introduce inadmissible singularities must not be included. The
relationship between, and the physical coordinates rlt and 6 given In (2.5a) IS generally
not invertible for problems involving dynamic crack branching. The incorporation of
the appropriate singular behavior in a particular problem through F'W h10ges upon
establishing the relations between small distances from the crack tip 10 the physical
plane, in the 'Y·plane, and in the '-plane.

Without discussing a particular problem at this stage. consider a crack that starts
propagating at t = 0 with constant velocity, v, from the origin of a Cartesian coordinate
system in the x, y-plane under an angle Kll' with the x-axis. At any instant. the length
of the crack is vt, and its motion can be described by the conventional cylindrical
coordinates r, 6, z centered at the ongin, or the coordmates p, <t>. z centered at the
crack tip (Fig. I).

For small values of p/vt (see Fig. I) the following relatIOns can be derived. using
m = vIc,

6 - Kll' - (p/vt) sin(<t».

r - vt - p cos(<t»,

R _ R __ (plvt) cos(<t»
'" ",D (1 _ m2 )1/2

We find from (2.5a) that for I, - ~D I~ I and K >F 0

'Y - 'YD - W2(' - ~D)2/2,

(2.9a)

(2.9b)

(2.9c)

(2.10)

where W2 is a constant that depends on the particular mapping used and 'YD = ~D +
iKll'. Equations (2.9c) and (2.10) give for p/vt small and K >F 0

where

ZI(<t>, m) = sgn(<t»{[1 - m2 sin2(<t»]"2 - cOS(<t»}1/2/[1 - m2 sin2(<t>)] 1/2 •

Z2(<t>, m) = ([I - m2 sin2(<t»] 1/2 + cos(<t>W12/[l - m2 sin2(<t»] 1/2.

Q(K, <t>, m) = [I - m2 sin2(<t»]"2/w~/2(1 - m2)1/4.

(2.12a)

(2.12b)

(2.12c)
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Fig I. Polar coordinates centered at the moving crack tip
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It is apparent from (2.1l) that for K :F 0 a singularity of order (r - vI) - 1/2 in the particle
velocity (2.6) corresponds to a singularity of order (t - ~D)-I in F(t). In other words,
since +8<: is singular as (r - Vt)-312 in the vicinity of the propagating tip, then F'(t) (dt/
d"Y) must harbor the term (t - ~D)-3 for small I t - ~D I.

For the class of problems under consideration, a convenient way to express F ' (,>
is in the form

(2.13)

in which Fj (t) satisfies the nonhomogeneous boundary conditions in the t-plane on the
real axis, while FiW incorporates the singular behavior at the crack-tip. Using (2.13),
the stress components (2.7) and (2.8) can be expressed in the form

in which, for k = 1 or 2,

(p = r,6), (2.14)

It" =

h8 =

(2.1Sa)

(2.1Sb)

Except for special cases, an explicit expression for t in terms of sand 6 cannot be
obtained from the Schwarz-Christoffel transformation. Before doing the above inte
gration numerically, the singular term in 12, and 128 must be treated analytically. To
this end the integration over sis replaced by an integration over a corresponding contour
r in the t-plane. The appropriate changes of variables gives

h, = !A; Re ( F2<t) cosh ~(t) dt,
c Jr

128 = !A; 1m ( F2<') sinh ~(') dt.
c J,'

(2.16)

(2.17)

Integrating (2.16) and (2.17) by parts, the final expressions for the stress components
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{
IL • IlL'

T r ,,(.\, 6) = - "7 Re F2(,) leI + - Re F2W 1,=,
S c

+ hr(s, 6) + Ilr(S, 6)} H(e - .~) + T~", (2 18)

'1'6,,(5, 6) = {- 7(1 - ::) 1/2 1m F2(,) 1.. = I

+ J20(s, 6) + I.e(s, ~n} H(e - s) + T8z, (2.19)

i t - ds
It..r = IL Re F"m -=2 '

s s
(2.20)

(2.21)

Here, is considered as a functiion of s, which in general cannot be determined ex
plicitly. For any value of s the corresponding t can be computed numerically from
(2.5a).

In any particular problem, the Mode III stress intensity factor must be determmed
by considering the shear stress Tez in the plane of the crack, and ahead of the crack
tip, since

Kill = lim (21T)1/2(r - Vt)I/2Te,(r> vt, e = K1T).
""""f'!

(2.22)

The elastodynamic influences on the stresses and the particle velocity in the vicinity
of the moving crack tip in problems involving crack branching under dynamic loading
conditions are also of interest here. For this reason let the state of stress at point P 10

Fig. 1 be given by both (Trz' T6z) and (Tpz, T4>IJ, where it can be shown that

T4>z = - Trz sm(<!> - 6 + K1T) + Tllz cos(<!> - e + K1T). (2.23)

EquatIOn (2.23) along with eqns (2.18), (2.19) and (2.11), can be used to investigate the
stresses in the vicinity of the crack tip, which reveals that for small phlt,

The above equation reduces to the same expression for all problems in the class diS
cussed in this paper. That is, for p1vt small,

(2.25)

where

in which ZI.2(<!>, m) are defined in (2.12a,b). The dependence of the local shear stress.
T4>z. on the problem at hand is incorporated into one term, the stress intensity factor.
The dependence of the local shear stress on the polar angle in the VIcinity of the movmg
crack tip is incorporated in T4>:; as shown by Erdogan[35), the maximum value of T<!>:
moves out of the plane of crack propagation (<!> = 0) as the crack velocity mcreases
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beyond a certain critical value (m = 3- 1/2 == 0.578). Obviously, even after a crack has
branched, the maximum value of the ~hear stres~ may not be maintained in the new
plane of crack propagation. For various values of m, the variation of V2 TeI>z in <I> is
shown in Fig. 2 of the paper by Achenbach[31] (note that 4> in [31} is 1T - <I> here); for
m - 0, TeI>z = cos(<I>/2), and (2.25) reduces to the expression for statIc loading, Tel>.: =
cos(4)12) KIII/(21Tp)I/2.

An analogous result holds for the particle velocity, for which

(2.27)

where

(2.28)

The above results are not surprising since similar results were found for mixed
mode crack propagation by Freund and Clifton(36), although in their analysis the crack-

•

Fig. 2. (a) Pattern of mCldent. reflected and diffracted waves for an Incident honzontally p0

larized transverse wave and asymmetric crack bifurcation: 0"11' = anaJe of wave Incidence; (b)
pattern of waves for the superpositIon problem: K/"II' = bifurcation angles. v, = crack·tip speeds.
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tip trajectory was required to have a continuously turning tangent. Even after branch
ing, the near-tip elastodynamic fields have a universal spatial dependence on the local
coordinate system. The problem-dependent quantity is the stress intensity factor. Fur
thermore, since the spatial dependence on the local coordinates is the same as for
planar crack propagation, the flux of energy, F, into the crack tip is also known
(Freund[37]):

(2.29)

The balance of rates of energies (Achenbach[32]) provides a necessary condition
for crack propagation. A criterion for crack branching follows if the energy release rate
for the branched crack is greater than that for planar crack propagation. Clearly, the
dependence of the elastodynamic stress intensity factor on the branching angle KlI' and
crack-tip velocity v is of fundamental importance.

3. CRACK BIFURCATION UNDER STRESS WAVE LOADING

The problem to be considered in this section involves the dynamic loading of an
initially stationary, semi-infinite crack by an obliquely incident horizontally polarized
step stress wave. At the instant of the crack tip being struck (t = 0), two cracks
propagate out of the original crack tip, with constant subsonic crack-tip velOCities VI

and V2, making angles KJlI' and K211' with the original crack plane, respectively. The
original crack generates a plane reflected wave and a cylindrical diffracted wave. The
pattern of wavefronts and the positions of the crack tips for t > 0 are shown 10 Fig.
2(a).

The reflection and diffraction of the incident wave involve horizontally polarized
motions only. The governing equation of motion is given by (2.1). The mcident wave
is of the form

(3.1 )

where

l' == t + (x/c) sin(all') - (y/c) cos(all') = t + (r/c) sin(all' - 8), (3.2)

and a, rand 8 are defined in Fig. 2(a). The stress 1'sz corresponding to the incident
wave is

1'~~C = To cos(all' - 8)H(1'). (3.3)

The total field [illustrated in Fig. 2(a)] can be considered as the superposition of
the incident wave in an unbounded medium and the superposition problem. The su
perposition problem [Fig. 2(b)] concerns an initially quiescent solid which contains a
semi-infinite crack. At time t = 0, two branches emanate from the crack tip, and at
the same time the old and new crack faces are subjected to crack face tractions which
are opposite in sign to the stresses induced by the incident wave. The superposition
of the fields due to the incident wave and the superposition problem renders the crack
faces free of tractions.

In this paper we solve the superposition problem. Thus, the conditions on the
crack faces are

e == ± 11', r> 0:

8 == KJlI' ± 0, r > 0:

e == K211' ± 0, r > 0:

1'sz = To cos(all') H[t + (x/c) sin(all')],

1's~ == - 1'ocos(all' - KJlI')H(t - rlvd,

1'sz = - To cos(all' - K211') H(t - r/v2)'

(3.4)

(3.5)

(3.6)
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The shear tractions on a = ::!: "Il' generate plane waves with constant particle velocities
of magnitude ::!: CTo/fJ.. Thus, along the segments BE and FG of Fig. 2(b) the particle
velocities are

'fr/2 + Cl'fr < a :s; 'fr, , = ct:

- 'fr :s; a< - 'fr/2 - Cl'fr, , = ct:

IV = CTo/fJ.,

IV = - CTo/fJ..

(3.7)

(3.8)

The material is undisturbed ahead of the segment BG. and thus

- 'fr12 - Cl'fr < a< 'fr12 + Cl'fr. r = ct: IV == o. (3.9)

Before obtaining the solution to the above asymmetric bifurcation problem, it is
desirable to solve the symmetric crack bifurcation problem (K/ == - K2 = K) for the
case of equal and constant crack·tip velocities (v, = V2 = v). The latter solution is
useful both for checking purposes and for insight into the more difficult asymmetric
bifurcation analysis. Moreover, the above symmetric bifurcation problem is interesting
since it can be formulated as the sum of an antisymmetric problem and a symmetric
problem. The antisymmetric problem is defined by the conditions in (3.4), (3.7)-(3.9)
and

8 == :!: K'fr. r > 0:

8 = 0, r < ct:

TO;: = -TO COS(Cl11') coS(K'fr)H(t - ,Iv).

IV = O.

(3.10)

(3.11)

The symmetric problem is defined by the loading

8 = ± 'fr, , > 0:

9 == ± K'fr, r > 0:

-11' S 8 :s; 'fr, r = ct:

8 == 0, r < ct:

TO;: = O.

TO;: = +'10 sin(Cl'fr) sin(I('fr)H(t - rlv),

IV = 0,

IV "0, iJWliJ9 == O.

(3.12)

(3.13)

(3.14)

(3.15)

The above problems are solved in Section 4 in considerable detail and generality. The
asymmetric problem is treated in Section 5.

4. SYMMETRIC CRACK BIFURCATION

Antisymmetrical deformations
Geometrically symmetric crack bifurcation with equal. constant crack·tip veloc·

ities and dynamic loading conditions that cause antisymmetric deformations about the
original crack plane are studied here. The boundary conditions are

8 == ± 'fr, , > 0:

o = ± I('fr, r > 0:

Tez: == T8H(t + x/u),

Toz == - T~/H(t - rlv).

(4.1)

(4.2)

Two plane waves and a cylindrical wave are generated by this loading. The pattern of
waves is shown in Fig. 2(b) (assuming that I( / = - 1(2 == K, VI =V2 == v). In the following
analysis it is assumed that u > c.

The dynamic shear tractions in (4.1) generate plane waves. In the regions outside
the cylindrical wavefront r = ct and behind these plane waves the particles velocities
are of constant magnitude, such that along arcs BE and FG,

'fr12 + sin- I (1ln) :s ±o S 'fro r = ct: (4.3)
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n = ule,

The material ahead of BG IS undisturbed:

n> 1. (4.4)

I6 I < Tr/2 + Sin - I(lIn), r = ct:

The line e = 0 is a line of antisymmetry:

K' = 0, iJWiiJ6 = O. (4.5)

6 = 0, 0 < r < ct: w=0, iJWiiJr = O. (4.6)

As outlined in Section 2 the above antisymmetric problem is mapped from the
physical domain (0 s e S Tr, S :S c) into a semi~infinite strip (0 S e S Tr, 0 < ~ < 00)
in the 'V~plane (Fig. 3). This strip is then mapped to the upper half of the '~plane (Fig.
4) by the Schwarz-Christoffel transformation (Achenbach[32]):

where the points ~M, ~Nand ~Bcan be found, forgiven values ofKand m, by considering
the change in imaginary parts at M and N between the 'V-plane and '~plane, and from

•

N

'1'/2

IC:I' ... ...J'c4 ============ii:
0·

Fig 3 The -V-plane for symmetric crack bifurcation.

M

Fig 4 The ~·plane for symmetric crack bifurcation



Dynamic effects In mode III crack bifurcation 343

the mappings of points D and B:

K(l - ~L)1/2/~M - (l - K) (l - ~1v)1/2/~N = 0, (4.8)

'YD = Kcosh-I(l/~M) + (I - K)cosh-'(l/~N) + iK'fr,

= cosh-I (11m) + iK'fr, (4.9)

Ksin-I (I + ~B~M) + (l _ K) sin-I (I~- ~B~~N) = sin-I (.!.). (4.10)
~B + ~M B - N n

The physical boundary conditions transform into the following conditions on the
real axis in the t-plane:

-co < ~ < -~M: W = 0, aW/a~ = 0, (4.11)

-~M < ~ < 1: aw/iJT] = 0, (4.12)

. (CT8/",,)n aw
(4.13)1 < ~ < ~B: w = (n2 _ 1)1/2 ' aE = 0,

EB < ~ < co: w = 0, aW/a~ = o. (4.14)

With w = Re F(t) and F' (t) = awla~ - i(awliJT]), the discontinuity in w at ~B

suggests a simple pole in F' (t) at that point, while the changes in F' (t) from real to
imaginary suggest (t - 1) - 1/2 (t + EM) - 1/2 ; in the latter expression negative exponents
ensure that points of bounded behavior in the physical plane retain the same bound
edness in the t-plane. The following expressions satisfy these conditions, as well as
the conditions outlined with respect to (2.13):

iAU(EB - 1)'/2(EB + EM)I/2
FlCt) = (t - 1)1I2(t + ~M)I/2(t - ~B) ,

iAQ(BUlt + CUlt2 )

Fi(t) = (t - 1)1/2(t + EM)1/2 •

(4.15)

(4.16)

Achenbach[32] formulated the problem under consideration for the particular case
u = 00 and TV = 0 in (4.1) and (4.2), respectively. Unfortunately the analytic function
F'(t) chosen by Achenbach[32] did not include F2<t) and is thus not complete, as
revealed by Burgers and Dempsey[25].

Fi(t) satisfies the boundary conditions; the jump in particle velocity at E = EB
gives AU = -(CTg/""'fr)nl(n2 - 1)112. The integration ofF2<t) gives rise to an arcsin term
which in turn gives rise to a logarithmic singularity in the particle velocity near the
crack tip; to exclude this singularity it is necessary that BU = CQ(I - EM)/2EM. To
evaluate the constant CQ observe that the regular part of Te~ in (2.19) for e = K'fr and
(r - vt) - 0+ must be equal to the loading on the new crack faces for e = K'fr and
(r - vt) - 0-. Thus, for the loading given in (4.2), and noting that CU is present in
F2(t),

(4.17)

and therefore also in he, defined by (2.21), the equation for CU is given by the regular
or nonsingular part of To: (2.19) as

(4.18)

By (4.5), T~~ = 0 for I K1r I < 'fr/2 + sin - I(lin).
Before determining the stress intensity factor as defined by (2.22), it is necessary

SAS 22 3-H
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to calculate the followmg: ImmedIately ahead of the crack tip ~ - IT) as (r - vt) _ 0+
on e = K71', where T)2 I!> determined from (2.11), (2.12) as

(4.19)

The constant W2 is defined m (2.10) and can be found by expanding (4.7) m a Taylor
series about the crack tip ~ = 0; it IS found that

(4.20)

A quick examination of (4.17), (4.19) and (2.19) verifies that the appropriate crack-tIp
!>ingulanty (r - lit) - 1/2 i!> mdeed pre!>ent in the fir!>t term. Finally, the !>tre!>!> inten!>lty
factor is given by

where C" is defined by (4.18).
The mapping in (4.7) can be inverted for two specific cases K = 0 and K = 1/2;

in other words, ~ (K = 0) and ~ (K = 1/2) can be written explicitly in terms of sand
e. Analytical solutions are thereby feasIble and are presented below. Burgers and Demp
sey[25] in a similar treatment obtained analytical solutions for the particular case l/ =
oc and T'{ = 0 in (4.1) and (4.2), respectively.

Consider first the specific case when the crack propagates in its own plane (K =
0). The solution of (4.8)-(4.10) gives

K = 0: ~M = 0, ~N = m, ~B = (m + n)/(l + mn), (4.22)

and the inversion of (4.7) gIves

K = 0: ~ = [I + m cosh('Y - 171')]/[m + cosh('Y - /71')], (4.23)

where'Y = P + ;e = cosh-I(c/s) + ie. For e = 0 and r > vt, (4.23) gives ~ =
- (sIc - m)/(l - mslc). From the latter expression it is apparent that CU = 0 in (4.16);
otherwise Toz would be more singular than (r - Vt}-1/2. In (4.15), AU has the same value
as found previously, while (4.16) gives F2m= iAUB"2(' - 1) 112 /,1/2. The final expres
sions for the shear stress Toz ahead of the crack tip and the stress intensity factor are
obtained from (2.19) and (2.22), respectively, and are

(~)1/2r - vt

(4.24)

(4.25)

For Ii - oc and appropriate values for TH and T'{ the expressions (4.24) and (4.25) agree
with those found for three dIfferent loading cases examined by Burger!> and Demp
sey[25]. From energy considerations, the stress mtensity factor in (4.21) as K - 0 IS
expected to be 2- 1/2 times that gIven m (4.25); that is, K~'II (K - 0) = Ki'll (K = 0)/2 1

/
2

•
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For crack branching normal to the primary crack plane (K == 1/2). the mapping
equations (4.8)-(4.10) give

K == 1/2: (4.26)

and the inversIon of (4.7) gives

K = 1/2: (4.27)

Ahead of the crack tip (6 = Tf/2. r > vt) (4.27) gives' = i(s2lc2 - m2)'/2 /(1 - s2Ic2)1/2;
the latter expression and (4.17) confirm that the appropriate crack-tip singularity IS
incorporated in To::: as given by (2.19). The shear stress ahead of the crack tip is gIven
by

T~z (r > vt, 6 = !)
,,-1/2 2

where

{ [ (
t r) 1/2 ( + m) 1/2]

+ T6 Y tan - 1 ~ _- vt ~ + I

_ tan-I [ (~t_-~Y/2 (~ ~ 7y/2]}
_ T

'
{ (~) tan - 1 (I - ric) 1/2 •

Tf rlv - 1
(4.28)

in which

Y = (l - m)J/2{(y + m)1/2(y + 1)1/2 + (y _ m)1/2(y _ 1)1/2}

Tf2 112(h - m)1/2(h + 1)112
(4.29)

(4.30)

The Mode III elastodynamic stress intensity factor defined in (2.22) is therefore given
by

K~'II (K = D= (c1)1/2 (Tf~/2) (J - m)1/2 {TH(I - m)1/2 (: ~ 7)'12 + TI{21/2mll2} .

(4.31)

Symmetrical deformations
Consider now dynamic loading conditions that cause symmetric deformations

about the original crack plane. The boundary conditions for this problem are given by
(3.12). (3.14). (3.15) and

6 = ± KTf. r > 0: (4.32)

Only a cylindrical wave is generated by this loading.
The upper half of the physical domain (0 s 6 S Tf. S < c) is mapped into a semi

infinite strip (0 S 6 S Tf, 0 S ~ < oc) in the "'(-plane (Fig. 3). The boundary conditions
in the "'(·plane along EN. DN. DM and AM in Fig. 3 are given by a,i,/a6 == 0; along AE.
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w = 0 and owlo6 = O. This strip is then mapped to the upper half of the '-plane (Fig.
4) by the transformation in (4.7). The boundary conditions in the ,-plane for I ~ I ~ I,
TJ = 0 are given by w = 0 and owla~ = 0; for I ~ lsI, TJ = 0 (AE), awtoTJ = O.

Based on consideratIOns Similar to those following (4.11)-(4.14), the following
expressions are deduced:

Fim = 0,

Ft(r) = iAS(Bst, + C
Slt2)

2 ... (,2 _ 1)1/2 '

(4.33)

(4.34)

where here AS is introduced for convenience: AS = CT1!jJ.1I'. The integration of Fim
gives rise to a term - iBs sin - I (lIt), which in tum gives rise to a logarithmic singularity
in the particle velocity near the crack tip (that is, as r - vI - 0-); to exclude this
singularity it is necessary that BS = O. The final expression for F2(t) is

(4.35)

The evaluation of CS follows from the fact that the nonsingular part of Tez in (2.19) for
6 = K1I' and (r - vt) - 0+ must equal the loading on the new crack faces for 6 = K1I'

and (r - vt) - 0-. Since F1m = 0 and T;': = 0 for 161 s 11' by (3.14), the equation
used to determine CS quickly follows from (2.19) and (4.32) as

(4.36)

Ahead of the crack tip (6 = K1I', r> vt) t - iT), where TJ2 is again given by (4.19) and
(4.20). The first term in (2.19), the definition (2.22), and the expression for F2(t) 10

(4.35) are used to determine that

(4.37)

For crack branching normal to the primary crack plane (K = 112), (4.7) can be
mverted to give (4.27), and an analytical solution can be obtained. From (4.36) it is
determined that

(4.38)

where q = (I - m2 )112. The final expressions for the stress ahead of the crack tip and
the stress intensity factor are found from (2.19) and (4.37), respectively, as

(4.39)

(4.40)

In the above expressions, E(') and E(', .) are, respectively. complete and incomplete
elliptic integrals of the second kind (Gradshteyn and Ryzhik[38]).

It is worthwhile at this point to consider for a moment the antiplane strain problem
of skew crack propagation into a half-plane (- 00 < x < 00, 0 < y < 00) at an angle 6
= K1f with the loading: Tez = +Tf for 0 < r < VI, and Tez = 0 on 6 = 0, 1f for r > O.
Obviously, these boundary conditions are identical to those stated for the symmetrical
bifurcation problem with symmetrical deformations that has just been examined here.
Therefore, the expressions in (4.35) and (4.37) apply equally to the problem just
described.
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Symmetric crack bifurcation under stress wave loadmg
The problem of crack bifurcation under stress wave loading is discussed in Section

3. The Mode III elastodynamic stress mtensity factor~ for the superposition problem
shown in Fig. 2(b) and defined in eqns (3.4)-(3.6) are quickly obtained for symmetric
crack bifurcation with equal crack-tip velocities. In this instance, the solutions of the
antisymmetric and symmetric problems defined in Section 3 are required. These so
lutions are provided in this section, and by comparing (3.4) and (3.10) with (4.1) and
(4.2), respectively, as well as (3.13) with (4.32), it is immediate that

(4.41)

and

(4.42)

so long as Tg = To cos(all'), T1 = To cos(all') COS(Kll'), T~ = To sin(all') sin(Kll'), and n
= 1/sin(all'). The analytical solutions Kfll(K = 1/2) and Kfll(K = 1/2) provided in (4.31)
and (4.40), respectively, provide in turn analytical expressions for Kfll(K = 1/2) and
Khl(K = 1/2). A noteworthy feature of the above information is that for normal
incidence

a = 0: (4.43)

with Tg = To, TV = To COS(Kll'), T1 = 0 and n -+ 00; for grazing incidence

a = 0.5: (4.44)

with T8 = T'" = 0, T1 = To sin(Kll') and n = 1. The dependence of the elastodynamic

1.5..-------------,

0.5

(ol

o.ooto======::::::::;:::::~o5
IC

1.0..-------------,
0.J

Pia. S. Symmetric crack bifUrcation (KI - - K2 - K, VI .. V2 .. v): (a) II .. 0 (normalancidence),
KR. - Kfi. vs K; (b) II .. 0.5 (arazing incidence), Kffl .. - Kfil VS K.
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Fig 6 Symmetrrc crack bifurcation (KI = - K2 = K, v, = "2 = II), a = 0375 (a) KH. vs K,

(b) Khl vs K.

stress intensity factors stated In (4.43) and (4.44) on the angle of branching (K'll') I~

shown in Fig. 5 for different values of m = vic. The dependence of KHt<K) and Kf.I(K)
as stated in (4.41) and (4.42) is shown in Fig. 6 for a = 0.375.

5 ASYMMETRIC CRACK BIFURCATION

The superposition problem defined In (3.4)-(3.6) is now examined for geometrically
asymmetric bifurcation and different crack propagation velocities. As outlined in Sec-

[
lI'r-.::..--------------:-::

N
a..~ B

Itl '" ----Ac===========:~

01----....

C M
~2~ ---------------c========:L

-'I' \.,;F:..-. L

Pia. 7. The -y-p1ane for asymmetnc crack bifurcation. The boundary conditions along EN, DN,
DM, CM, CL and FL are given by aMa& =0; along FG, W = -CToI...;along GB, w = 0, along

BE, W = CTa/....
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FIg. 8. The t·plane for asymmetnc crack bIfurcation The boundary conditIons along EBGF
are gIven hy .llI'lrIE = 0: along FLCMI)NC .ht"ltl"ll = 0

349

tion 2 this asymmetric problem is mapped from the physical domain (-'If :s; 6 :s; 'If.

S :s; c) into a semi-infinite strip ( -'If :s; 9 :s; 'If. 0 :s; [3 < (0) in the -y-plane (Fig. 7). This
strip is then mapped to the upper half of the t-plane (Fig. 8) by the Schwarz-Christoffel
transformation (Kuo[39])

(5.1)

where the points ~L. ~N. ~c. ~D. ~B and ~G can be found for given values of KI. K2,

vIle and V21C by examining the changes in imaginary parts at L. M and N and from the
mappings of points B, C, D and G.

In the '-plane the boundary condition on 11'(~. 11) corresponding to those in the
'Y-plane are, at 11 = 0:

- 00 < ~ < -~G: W = o. aW/a~ = o. (5.2)

- ~G < ~ < - 1: W = - C'To/fJ., aW/a~ = 0, (5.3)

- 1 < ~ < 1: aW/a11 = 0, (5.4)

1 < ~ < ~B: W = C'To/}J., aW/a~ = o. (5.5)

~B < ~ < 00: W = 0, awla~ = O. (5.6)

The discontinuities in IV at ~ = - ~G and ~ = ~B suggest simple poles in F' (t) at
these points, while the changes in F'(t) from real to imaginary along I ~ I :s; I indicate
that the term (t2 - 1)-1/2 is needed. The following expressions satisfy the above con·
ditions and incorporate the singular behavior at the two crack tips:

(5.7)

(5.8)

Achenbach[31] formulated a similar problem to that considered above. Unfortunately.
the analytic function F' <t> chosen in [31) did not include FiCt). thus precluding a com
plete analysis.

The task remaining is to determine the constants A, B. D, E. G. H such that the
conditions stated in (3.4)-(3.9) and in (5.2)-(5.6) are satisfied. After eqns (5.7) and (5.8)
are integrated. the conditions 11' = - C'To/fJ. for - ~G < ~ < - l, IV = CTo/fJ. for 1 < ~

< EB determine that A = cTo/}J.'If and B = - I. To preclude terms giving rise to log
arithmic singularities in the particle velocity in the vicinity of the crack tips. it is nec
essary that D~DI(I - ~b) + E = 0 and G~cl(l - ~~) - H = O. The latter conditions
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negate any arcsin terms in F2m, which is finally given by

The remaining constants D and G have to be determined on the basis of considerations
of the shear stress To, in the plane of, and ahead of, each crack tip. The regular part
of To, in (2.19) for (r - v. t) -+ 0 + , 6 :::: kI7T, for instance, must be equal to the loading
on the new crack face for (r - Vtt) -+ 0-,6 :::: KI7T (the medium ahead of BG in the
superposition problem is undisturbed; therefore T~~ :::: 0 for the range of branching
angles considered). Thus, noting (2.19), (2.21), (2.15), (5.9), (3.5) and (3.6), it is found
that for 6. :::: KI7T and 62 :::: K27T

(p :::: I, 2), (5.10)

where it is to be noted from (5.9) that the constants D and G are present in ho; (5.10)
gives two equations in these two unknowns. The elastodynamic Mode III stress in
tensity factors follow from the singular part of the stress (2.19) in the planes 61 :::: KI7T
and 62 :::: K27T, respectively. Noting (2.22) we find that

Kfll :::: - To(ct)112 D[wf(1 - mi)312/7Tm .(1 - ~b)P/2,

Knl :::: - TO(Ct)112 G[wf(1 - m~)3/2/7Tm2(l - ~~»)./2,

(5.Il)

(5.12)

in which mp :::: vp/c (p :::: I, 2) and wf for this problem [see (2.10» is given by

D _ I [KI - K2 (l - KI)(1 - ~~)112 (l + K2)(1 - ~i>1/2] (5.13)
W2 - (1 - ~b)I/2 ~b + (~N - ~D)2 + (~L + ~D)2 '

1,0r-------------,

(bl

Fig. 9. Asymmetric crack bifurcation with KI = 0, K2 = K, vile = 0.5 and a = 0 (normal
incidence): (a) KR. vs K for different values of v2le; (b) Kn. vs K for different values of v2le .
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,Or--------------,

(~)

FIg. 10. Asymmetric crack bifurcation with KI ... 0, 1(1 ... 1(, VI/e: ... 0.5, and a ... 0 (normal
incidence): (a) KRI vs K for different values of VI/VI; (b) KfJl vs K for dIfferent values of VI/VI.
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0.0 0.5

''Ol,-------~-----..,

0.0 0.5

F'1I. 11. Asymmetric crack bifurcation with 1(1 ... 0, 1(1 ... K, VIle: ... 0.5, and a ... 0.375. (a)
KR. vs I( for different values of VI/VI; (b) Kii, vs I( for different values of VI/VI.



352 J P DEMPSEY el (II

while the equivalent expression for wf IS the same as (5.13), except that ~D must be
replaced by - ~c.

The dependence of the stress mtenslty factors KRI and Kfil on the two crack-tip
velocities, the two branching angles, and the angle of wave incidence is now investi
gated. A general analysis is not possible. Rather, the sensitivity of one branch's crack
tip stress intensity factor to the relative velocity and orientation of the other is exammed
here. The particular geometry chosen is that of KI = 0 and K2 = K [see Fig. 2(b)]; the
fact that a propagating crack makes several usually abortive crack branching attempts
after reaching a certam stress intensity prompted this choice.

In Figs 9 and 10 crack-tip D models the continued planar propagation of the primary
crack at a velocity of VI = 0.5c under normal wave incidence (ex = 0). Crack-tip C
models the attempted branching. The role played by a nonzero angle of wave incidence
is shown in Fig. II.

6 CONCLUSIONS

For symmetric crack bifurcation Burgers[27] numerically solved the following antl
symmetrical problems-referring to (4.1) and (4.2)-Case I: To = To, Ti' = 0, u"'" x;
Case 2: To = 0, T1 = To; Case 3: stress wave loading with normal incidence. The results
obtained in [27] revealed that the stress intensity factor Kl'u(K) in (4.21) for loading
Case 1 reaches a maximum with K = 1/2 for all velocities. By eqns (4.31) and (4.43),
KR. = KYII = TO(cr) 1/

22(1 - m)/-rr 1/2 in this instance. Achenbach[32] treated loading
Case 1 also and used his solution to examine the bifurcation of a propagating crack.
A reinvestigation of the running crack analysis in [32], after noting that his stress
intensity factor K is defined here by (-rrKICTo) == Kl'lI -rr 1/2 ml/2/To(ct)I/2(1 - m2)1/4, gives
different results for the velocity at which bifurcation occurs and the angle of bifurcation,
viz. 0.6c and -rr/2, respectively.

For asymmetric crack bifurcation under stress wave loading, Figs 9 and 10 reveal
that the stress intensity factor of the unbranched crack-tip D is not significantly influ
enced if the branching velocities of crack-tip C are less than its own velocity (0.5c);
for branching velocities of crack-tip C greater than that of the crack-tip D propagatmg
in a planar fashion, KR. is greatly decreased. A branch cannot propagate almost parallel
to the primary crack unless it has a velocity exactly equal to that of the primary crack.
If the branching velocity is greater than that of the primary crack and small branching
angles are involved, KRI is significantly reduced.

The above study is similar in spirit to that of the elastostatic investigations in [17,
34]. The conclusion here is that continuous branching with very little crack speed
alteration is key to successful crack branching. From Fig. 9(b), Kfi. has two maxima
for a crack-tip velocity equal to that of crack-tip D (VI = V2 = 0.5c), which suggests
that bifurcation, with continued planar crack propagation also, would occur in the model
studied (for normal wave incidence) at ± Ir. The amazingly sensitive interaction diS
played in the above antiplane strain studies is likely to be a feature also of plane stram
crack bifurcation.
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